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ABSTRACT 

In  this  paper,  a  almplc  theoretical  analysis  of  an 
old  problem  is  presented.  The  analysis  Is  Bore 
complete  than  earlier  versions,  but  retains  the 
Bath^matlcal  simplicity  of  the  earlier  versions.  The 
Bajor  thrust  is  to  separate  the  aaterlal  response  Into 
two  phases.  The  first  phase  Is  dominated  by  strain 
race  effects  and  has  a  variable  plastic  wave  speed. 
The  second  phase  Is  dominated  by  strain  hardening 
effects  and  has  a  constant  plastic  wave  speed. 
Estimates  for  dynamic  yield  stress,  strain, 
strain-rate,  and  plastic  wave  speed  during  both  phases 
are  given.  Comparisons  with  several  experiments  on 
OFHC  copper  are  included. 


notation 

Aq  cross-sectional  area  of  the  undeformed  specimen 

A  cross-sectional  ares  of  the  deformed  specimen 

Dq  diameter  of  the  undeformed  specimen 

D  diameter  of  the  mushroom  at  the  conclusion  of 

phase  1  deformation 

D  diameter  of  the  Interface  between  Phases  I  and  II 

t).  diameter  of  the  interface  between  Phases  I  and  II 

'  after  conclusion  of  the  event 

D.  diameter  of  the  mushroom  at  the  conclusion  of 
•'  event 

a  engineering  strain 

e  engineering  strain  at  the  end  of  Phase  I 

h  distance  from  the  undeforsed  anvil  face  to  the 

plastic  wave  front 

h  distance  from  the  undeformed  anvil  face  to  the 

plastic  wave  front  at  the  end  of  Phase  1 


h.  distance  from  the  undeformed  anvil  face  to  the 
phase  I  portion  of  the  plastic  wave  front  at 
the  conclusion  of  the  event 

t  undeformed  section  length 

J  undeformed  section  length  at  the  end  of  Phase  I 
final  undeformed, specimen  length 

I  original  specimen  length 

final  specimen  length 

s  displacement  of  the  rear  end  of  the  specimen 

5  displacement  of  the  rear  end  of  the  specimen  at 

the  end  of  Phase  I 

final  displacement  of  the  rear  end  of  the  specimen 
C  time 

t  time  at  the  end  of  Phase  I 

tj.  terminal'  time 

u  speed  of  the  plastic  material  at  the  plastic  wave 
front 

V  undeformed  section  speed 
impact  speed 

V  volume  of  the  material  In  the  Phase  1  deformation 

tone 

Vj  average  flow  strength  during  secondary  deformation 

A  secondary  plastic  wave  speed  ‘ 

o  anglnscrlng  stress 

f  mass  density  of  specimen 

differentiation  with  respect  to  time 
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INTRODUCTION 

In  th«  1940 '•  anglnaara  and  sclantlatt  bagan  to 
proba  Che  dynaatc  Mchanlcal  properclea  of  ■atarlals 
using  the  high  spaed  iopact  of  a  cylindrical  spaciaen 
against  a  aassive  anvil.  This  test  is  now  usually 
called  Che  Taylor  iapact  test  or  the  Taylor  anvil  test 
after  Sir  Geoffrey  Taylor  who  published  the  first 
analysis  of  it  [IJ.  Taylor  approxiaacad  the  complex 
real  situation  as  a  ene-diasnsional  problea  in  which 
any  affects  of  radial  aocion  ware  assumed  to  be 
negligible.  He  also  approxiaated  the  complex 
conscltucive  behavior  of  the  specimen  as  simply  a 
rigid,  perfectly  plastic  aaterlal. 

During  the  ’  Intervening  years  very  many 
investigators  have  acceapced  Co  improve  upon  the 
original  Taylor  analysis.  Either  the  aechanical 
aquations  used  were  aada  more  accurate  or  Che 
conscitutiva  description  of  the  aaterial  was  sade  more 
complex.  And  soaetiaas  both  approaches  ware  used 
siaultaneously .  To  data,  however,  there  has  been  no 
laproveaenc  to  cha  Taylor  theory  that  has  achieved 
wide-spread  aceapcanca.  In  aoat  laboratories  where  the 
Taylor  test  is  perforaed,  it  Is  interpreted  using 
Taylor's  original  theory. 

Beginning  about  1960  there  have  been  various 
computer  codes  written  thst  can  provide  a  aore-or-less 
complete  analysis  of  a  Taylor  impact  test,  providing 
the  aaterial  constitutive  relation  is  known. 
Nevertheless,  simplified  approximate  analyses  of  the 
type  originally  offered  by  Taylor  still  have  practical 
utility.  They  provide  the  means  for  a  relatively  fast 
and  economical  interpretation  of  test  results.  Also, 
they  can  provide  a  certain  degree  of  insight  into  the 
effects  various  test  parameters  produce  on  the  final 
results.  For  those  reasons,  yet  another 
one-dimensional  analysis  of  the  Taylor  impact  test  is 
presented  here . 

This  current  analysis  is  based  upon  observations 
emphasized  by  Bell  |2|  in  1960.  Bell's  experimental 
work  on  tod  impact  led  him  to  the  conclusion  that  there 
was  a  brief,  initial  phase  of  the  plastic  deformation 
entirely  different  from  the  subsequent  specimen 
response.  Here  Bell's  conclusion  is  taken  as 
Justification  for  a  one -dimensional ,  but  two-phase, 
analysis  of  the  Taylor  test.  This  present  analysis 
follows  the  same  general  lines  as  an  earlier  one  phase 
theory  ( 3)  . 

The  differences  introduced  hers  can  bs  summarized 
fairly  easily.  During  Fhaue  I,  the  rigid,  plastic 
yield  strength  is  allowed  to  be  different  from  Phase 
II,  the  plastic  wavs  speed  (assumed  constant  in  Phase 
I)  is  a  time-dependent  function,  and  the  aaterial 
particle  velocity  u  la  tlas-dependsnc.  Taylor  (1) 
approximated  this  particle  velocity  as  zero  throughout 
the  entire  deformation  process.  In  this  analysis  chs 
particle  velocity  is  taken  to  be  nonzero  throughout  the 
event . 

The  Phase  II  analysis  is  similar  to  that  given 
earlier  [3].  However,  during  Phase  11  deformation,  the 
particle  velocity  u  is  taken  to  be  proportional  to  the 
currant  undeforaed  section  speed  v. 

It  is  believed  that  the  two  phase  aodel  provides 
for  a  aora  accurate  basis  for  the  analysis  of  the 
Taylor  Test.  Yet,  the  present  system  of  aquations  is 
not  a  lot  mors  coapllcatsd  chan  that  given  earlier  (3) 
or  Taylor's  original  theory  [1). 

THEORY 

Consider  a  uniform  cylindrical  rod  of  mass  density 
a  which  impacts  a  rigid  anvil  normally  and  with  initial 


apeed  v^.  The  plastic  deformation  of  the  red  proceeds 

in  two  phases:  Che  primary,  or  Phase  1  deformation 
phase,  which  is  doainaced  by  strain  rate  effects  and 
high  plastic  wave  speed  and  the  secondary,  or  Phase  II 
deformation  phase,  which  Is  probably  doalnatad  by  work 
hardening  affects. 

Tha  classic  Taylor  [1]  aquation  of  aotion  of  the 
undeforaed  section  of  Chs  spaciaen  has  been  modified  by 
Che  authors  to  account  for  mass  transfer  across  the 
plastic  wava  front.  Tha  modified  aquation  is  given  by 

*  -  -  7(1^ 

where  v  is  the  current  speed  of  the  undeformed  section, 
I  Is  the  currant  undaformed  ssetion  length,  o  is  cha 
anglnearlng  stress  at  tha  plastic  wava  front,  a  is  the 
anginaarlitg  strain  at  the  plastic  wava  front,  and  u  is 
tha  particle  valoclty  of  tha  plastic  material 
iaaediatsly  Inside  the  plastic  wavs  front.  Notice  that 
under  Cha  assuaption  of  constant  volume  deformation  chs 
engineering  true  strain  a  Is  given  by  a  >  A^/A  -  1. 

Superimposed  dots  denoCa  differentiation  with  respect 
Co  time,  t.  Equation  (1)  is  valid  during  both  phases 
of  the  deformation  process. 

The  characterization  of  each  distinct,  phase  is 
determined  by  assumptions  regarding  tha  plastic  wava 
front  notion  and  the  particle  velocity,  u,  inside  the 
wave  front.  During  Phase  I,  tha  particle  velocity  of 
the  plastic  aaterial  is  determined  by  the  anvil 
compliance,  the  specimen  material,  the  impact  velocity, 
and  the  current  speed  of  the  undeformed  section.  At 
the  same  time,  tha  plastic  wava  speed  is  basically  a 
function  of  these  same  quantities  during  this  phase. 
Evidently,  both  the  particle  velocity  behind  Che 
plastic  wave  front  and  the  plastic  wave  speed  are 
complicated  functions  of  the  determining  variables. 
However,  within  the  context  of  this  the  Eulerian 
plastic  wave  speed  will  be  approximated  in  an 
elementary  way  and  the  anvil  compliance  will  be 
neglected  entirely.  The  particle  velocity  behind  the 
plastic  wave  front  will  be  developed  from  some  simple 
aechanical  considerations. 


Figure  1.  Schematic  view  showing  a  Taylor  impact 

spaciaen  of  original  length  L  which 
undergoes  plsstlc  deformation. 
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In  Figure  1,  the  reader  will  note  that  h  denotea 
the  currant  ebaervable  position  of  the  plastic  wave 
front  relative  to  the  anvil  surface.  Pros  typical  flla 
data  collected  on  OFHC  copper  rods  twpacted  against  a 
steel  anvil  in  the  Materials  Testing  Laboratory  at 
Bglln  Air  Force  base,  Florida  {4],  it  was  noted  that 
the  plastic  wave  action  relative  to  the  original  anvil 
surface  is  linear  after  the  first  few  alcroseconds  of 
the  event,  as  shown  In  Figure  2  excerpted  froa  [4], 


Figure  2.  Graph  taken  from  Molltorls  [4]  showing 

aeasuranents  of  actual  film  data 
complied  during  the  Impact  of  an  OFHC 
copper  specimen  Impacting  a  steel  anvil. 
This  data  Indicates  Chat  after  the  first 
few  alcroseconds  the  Eulerlan  plastic 
wave  speed  Is  constant. 

However,  In  the  first  few  alcroseconds,  the 
plastic  wave  Is  such  higher  than  Che  later  'steady 
state*  value  and  the  action  Is  quite  nonlinear. 
Motivated  by  these  observations,  we  are  lead  to 
consider 


hpt",  0  s  t  s  t 

i(t-t)  ♦  h,  t  <  t  <  t^ 


(2) 


where  h  and  t  are  the  distance  of  Che  plastic  wave 
front  and  the  time  at  the  end  of  Phase  I.  h^  and  n  are 

positive  constants  with  0  <  h  <  1,  and  for  that  reason 
h  Is  a  continuous  function  of  time.  Applying  (2)  at 

time  t  gives 


K  -  hpt"  (3) 

Whan  Che  event  reaches  conclusion,  h  -  h^  and  t  -  ty. 
which  Beans  that 


X 


V- 


t 


(4) 


Flgura  3.  Craph  shewing  the  poalclon  of  the 
plaatle  wave  front  relative  to  the 

undafexaed  anvil  face.  E  and  are 

distances  of  the  plaatle  wave  front  froa 
the  anvil  face  at  the  end  of  Phase  I  and 
at  the  and  of  the  event,  respectively. 

t  and  t^  are  the  Interface  and  teminal 
tines,  respectively. 

The  klnaaatlcal  analysis  In  this  problea  consists 
of  adding  the  current  lengths  In  Figure  1  to  obtain 

f  ♦  s  ♦  h  -  L  (5) 

which  is  valid  during  both  phases  of  the 
deforaatlon.  Differentiation  of  (5)  gives 

i  +  s-fh-i  +  v  +  h-  O  (6) 

which  alto  Is  valid  during  both  phases  of  the 

deforaatlon.  During  Phase  II,  h  >  1,  which  reflects 
the  constant  wave  front  speed  observed  In  Figure  2. 

A  conservation  of  nass  relation  for  the  plastic 
aaterlal  can  be  developed  by  equating  the  distances  In 
Figure  3.  This  leads  to 

e  i  -  V  -  u  (7) 

This  Is  a  fundaaental  equation  In  our  further  analysis. 


Figure  4.  Schematic  illustration  of  the  rear 

portion  of  the  projectile,  durin;  the 
time  interval  A*.  th»  lroi.»  of  the 
Indicated  section  it  displaced  a 
distance  udt,  while  the  rear  Is 
displaced  vbt . 
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PHASE  I  DEPORNATION 


Th«  Initial  daforaatlon  phac*  la  charaetarlzad  by 
rapid  Bushrooa  growth.  During  thli  defomatlon,  it  has 
bean  obaarvad  froa  flla  data  on  OFHC  coppar  apaclaana 
that  thara  la  virtually  no  changa  In  the  velocity  of 
tha  undaforaed  aactlon  ($).  Thus,  wa  are  aotlvatad  to 

asauaa  that  v  >  v^^  and  v  >  0  throughout  Phase  I.  This 

reduces  aquation  (1)  to 


*  <''0  •  -  7(1^ 

during  the  priaary  deformation  stags.  Also,  aquation 
(6)  reduces  to 


Figure  5. 


Idaallzed  Phase  I  defomatlon  of  a  rod 
lapact  spaclaan.  Tha  aushrooa  region  la 
approxlaatad  by  a  cylindrical  aactlon  of 
attitude  h. 


4  -  -  (Vq  ♦  h) 

Coabinlng  this  equation  with  (7)  gives 


Notice  that  a  can  be  allalnated  froa  (13)  by  aeans  of 
(10).  allowing  A  to  be  expressed  as 


e 


(10) 


for  the  time  dependent  strain  directly  behind  the 

plastic  wave  front.  Ellnlnatlng  I  and  e  In  (8)  with 
(9)  and  (10)  leads  to  an  expression  for  the  time 
dependent  stress  during  the  Phase  I  deformation. 


A  -  A„ 


Vq  +  h 


“  u  +  h 
and  V  to  be  expressed  as 


V  -  Aq  h 


0  e  h 
u  ♦  h 


(19) 


(15) 


o  -  -  p  (u  +  h)  (Vq  -  u)  (11) 

where  h  must  be  specified  from  (2)  for  t  S  t  and  u  will 
be  determined  subsequently.  Notice  that  because  0  <  n 


However,  the  volume  of  the  aaterial  In  the  plastic 
deformation  tone  must  equal  the  volume  of  the  material 
lost  by  the  undeformed  section.  This  means  that 


<  1,  h  Is  singular  at  t  -  0.  This  aeans  that  the 
calculated  stress  Is  Infinite  at  t  -  0.  Evidently,  the 
stress  Is  not  Infinite  at  Impact.  This  conclusion  is 
the  result  of  the  infinite  propogatlon  rate  for  the 
plastic  wave  front  predicted  by  (2)  at  lapact.  The 
propogatlon  rate  is  initially  very  high,  but  not 
infinite . 

The  particle  velocity  u  is  generally  a  complicated 
function  of  t.  For  this  analysis,  we  will  assume  that 
it  can  be  estimated  in  a  very  simple  way.  Suppose  that 
the  mushrooming  region  can  be  approximately  represented 
by  a  cylindrical  section  (see  Figure  9)  with  volume 

V  -  Ah  (12) 


where 


A  -  Aq  /  (1  ♦  e)  (13) 

In  these  aquations,  h  is  the  current  position  of  the 
plastic  wave  front,  A  Is  the  current  mean 
crosS'Sectlonal  area  of  the  mushroom,  and  Aq  Is  the 

original  cross-sectional  area  of  the  specimen. 


V  -  Ap  (L-f)  -  A(j  (s+h)  -  Ap  (Vpt+h)  (16) 

where  s  -  v^jt  during  Phase  I  deformation  and 

equation  (5)  has  been  used  to  eliminate  t.  By 
equating  (15)  and  (16),  we  obtain 


h-l2_Li 

u  +  h 


-  V 


h 


This  equation  can  be  used  to  find  u. 


(17) 


u 


h  -  t  h 

Vjjt  +  h 


(18) 


This  relstlon  gives  the  particle  velocity  of  the 
material  directly  behind  the  plastic  wave  front  as  a 
function  of  time.  Since  we  have  assumed  that  the 
particle  velocity  of  the  plastic  material  Is  uniform, 
this  relation  and  (10)  gives  us  the  cross-sectional 
area  of  the  mushroom  as  a  function  of  time. 

Observing  that  h  -  during  Phase  I.  reduces 

(18)  to 

u-voho  (l-n)(v/-"ehj,)-^  (19) 

Notice  that  the  initial  partlcla  valoclty  Is  given  by 
u(0)  «  Vp(l-n)  and  u  decreases  as  Phase  I  deformation 

proceeds,  as  shown  In  Figure  6. 
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PHASE  11  DEFORMATION 


Flgur*  6.  A  typlcAl  partlclt  valeclty  eurva,  aa 

pradictad  by  tha  tbaory.  The  par  dele 
velocity  at  lapact  la  given  by 

(l-n)  and  daeraaaes  with  Clae  during 
Phase  1  dcforaatlon. 


Equation  (19)  allows  us  to  evaluate  the 
time -dependent  strain  e  in  the  cylindrical  aushrooming 
region . 


(20) 


Notice  that  the  strain  on  inpact  is  equal  to  zero  and 
increases  (compressively )  as  Phase  I  continues.  The 
aushroom  growth  can  be  estimated  from  (20),  but  cannot 
be  compared  directly  to  the  radial  growth  curve  at  the 
anvil  interface.  However,  a  favorable  comparison  can 
be  achieved  by  taking  the  current  volume  of  the 
mushroom  region  from  (15)  and  replacing  this  cylin 
drical  section  with  a  conical  frustrua  (see  Figure  7). 
This  produces  a  somewhat  better  approximation  to  the 
radial  growth  curve  at  the  anvil  Interface,  but  still 
underestimates  the  experimental  observations. 
Nevertheless,  this  elementary  theory  for  Phase  1 
deformation  qualitatively  agrees  fairly  well  with  the 
experiment . 


Figure  7.  A  schematic  view  of  the  cylindrical 

mushroom  section  with  a  conical  frustrum 
approximation  to  the  volume  contained  in 
the  cylinder.  At  the  anvil -specimen 
interface  the  actual  mushroom  (dashed 
curve)  should  have  larger  radius  than 
the  base  of  the  conical  frustrun  and  a 
much  larger  radius  than  the  cylindrical 
section.  Each  has  the  same  height  and 
volume . 


As  indicated  earlier,  secondary  plastic 
deformation  is  assiaed  to  begin  when  the  Eulerian 

plastic  wave  speed  b  reaches  some  value,  say  X.  During 
Phase  II  it  is  assumed  to  remain  constant  at  this 
value.  There  will  be  a  itenzero  particle  velocity  u 
during  this  deformation.  This  particle  velocity  may  be 
roughly  assumed  to  follow  the  profile  of  the  undeforved 
section  speed  during  Phase  II  deformation.  When  the  u 
curve  has  this  type  of  profile,  the  secondary  geometry 
for  recovered  specimens  has  the  correct  curvature  (see 
Figure  6).  Motivated  by  this,  we  are  led  to  postulate 
a  constant  k  such  that 

u  -  k  v  (21) 

for  t  s  t  s  c^.  This  constant  will  be  datormlnad  in 
the  course  of  the  subsaquant  analysis. 


Figure  8.  Idealized  deformation  geometry  after 

Phase  11  begins.  Notice  the  curvature 
of  the  Phase  11  deformation  zone. 

When  the  deformation  reaches  Phase  II,  equation 
(6)  becomes 


i  -  -  (A  f  v) 

Combining  this  with  equations  (7)  and  (21) 
expression  for  the  strain 


(22) 

leads  to  an 

(23) 


Suppose  that  the  average  dynamic  compressive  yield 
stress  during  secondary  deformation  is  o  -  Then, 

equation  (1)  becomes 


f  V  -f  (1-k)  i  v  -  -  -h - 

f  A+kv 

Using  the  chain  rule  of  dlffcr^otlstion .  and  (22)  to 
replace  i,  equation  (24)  transforms  to 


(1-k)  V  -  f(v) 


(25) 
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At  the  right  hand  tida  It  a  function  of  v  only.  Chit 
aquation  hat  aaparabla  varlablaa.  Tha  aaparatlon  and 
aubtaquant  Integration  load  to 


POST -TEST  KEASUREHENTS  AND  ESTIMATES 


Figure  9  ahowt  a  profile  vlau  of  a  typical  OFHC 
copper  apeclaan  which  haa  baan  lapactad  agalntt  a  4340 
1  aceel  anvil  with  an  Initial  tpaad  of  187  a/a.  Beside 

^  <»5(l-k)  the  daforaed  tpaclaan  la  an  undaforaad  tpeclacn  of  the 

1^1  _ 2^/j _  aaaa  Initial  dlaantlona.  Notice  tha  dlatlnct  curvature 

/  V  change  which  occurs  at  Che  Incarfaco  batvean  Phatat  I 

ij/p-AU  Flgura  10). 


1 

1  q 

q-»(lK)  q+Kl-k)  ♦  2k(i-k)  v 

- - (26) 

q-|.i(l-k)  q-A(l-k)  -  2k(l-k)  v 

where  q*  -  A*  (l-k)*  ♦  4  Yj  k  (l-k)/p. 

fj/p  -  A(l-k)  ''q  ~  k  (l-k)  Vq*  >  0,  and  Ij  la  tha  final 

undaforaad  taction  length.  This  aquation  axpraaaaa  t 
at  a  function  of  v.  Whan  (26)  and  (22)  are  utad  In 
(24),  we  again  find  a  aaparabla  differential  equation. 
Thit  aquation  haa  taparable  varlablaa  In  velocity  and 
time . 

f  V  -  -  (i  +  v)  /(v)  (27) 

where  /(v)  It  given  by  equation  (25).  Integration 
of  (27)  gives 


r'' 

I  I  dv 

V  ■  '  "  (A+v)/(v) 

J  n 


(28) 


This  aquation  gives  the  tlae  at  a  function  of  the 
current  velocity  of  the  undefonted  section  during  Phase 
II  deforaetlon. 

Another  Integral  of  (27)  It  available  through  the 
change  of  variables  v  -  v  dv/ds ,  but  this  Integral  Is 
algebraically  dependent  on  (26)  and  (28).  Ve  will  not 
pursue  the  Integration  of  (27)  any  further. 

The  last  equation  for  the  analysis  of  Phase  II 
deforaatlon  Is  based  on  a  klneaatlc  analysis  of  Figure 
8,  using  the  assumption  that  the  particle  velocity  of 
the  plastic  material  It  approximately  uniform  during 
Phase  II  deformation.  Notice  that  tha  plastic  wave 
front  has  reached  a  position  H  from  the  anvil  surface 
at  the  end  of  Phase  I  and  then  travels  to  h^  at  the 

conclusion  of  tha  event.  This  distance  can  be 
approximated  by 


By  ualng  (21),  the  equation  can  be  reduced  to 


Figure  9.  Profile  view  of  actual  undeformed  and 

deformed  specimens.  Note  the  dramatic 

curvature  change  that  occurs  between  the 
primary  and  secondary  plastic 
deformation  rones.  For  the  deformed 

specimen  Vq  “  187  m/s,  L  “  38  mm,  and 


D  -  7.5  mm. 


K  -  -  k  (A^  -  s)  -  k(s^  -  Vpt)  (30) 

Tha  constant  of  proportionality  k  can  bo  determined 
from  this  equation. 


Flgura  10;  Schematic  view  of  undeformed  and 
deformed  spec Imona . -'showing  post-test 

measurements.  Phases  I  and  11  have  been 
labeled.  For  the  actual  deformed 
specimen  shown  In  Figure  9,  -  28.68 

mm,  •  11.68  mm.  and  hy  -  2.67  mm. 


Flgur*  10  la  •  achamatlc  vtav  ahowlng  tha 
poat-taac  saaauraaanta .  Prior  to  caatlns.  the 
undaforaad  langch  L  and  croaa-aactlonal  araa  hava 

baan  aaaaurad.  Aftar  liq>act,  the  overall  apaclaan 
length  L^,  the  length  of  tha  prUary  deforaatlon  region 

Ky,  and  the  raaainlng  undaforaad  length  <y  are 
■eaaurad.  Additionally.  Dy  and  Dy,  the  dlaaater  of  tha 

apaclaan  interface  and  tha  auahrooa  dlaaetar .  are 

■aaaurad. 

Ve  vlll  now  obtain  an  aatlaata  for  f  baaed  on  an 


alaaantary  aatlaata  for  the  woluae  of  tha  auahrooa . 
Obaerva,  froa  Figure  9, that  tha  auahrooa  can  be  wall 
approxlaated  by  the  fruatrua  of  a  cone.  Eatlaatea  of 
thia  type  do  not  originate  with  ua  (aea  (81  or  (91), 
but,  within  the  context  of  thla  paper,  they  are  new. 
In  caiaa  of  tha  diaaater  of  tha  auahrooa  Oy  and  the 


Intorface  dlaaetar  5y,  tha  woluae  of  tha  aaterlal  In 
tha  Riaae  I  daforaatlon  cone  at  tha  and  of  the  event  la 


V  -  ^  ,  Hy  d2 


^  -  w 

1  -  Dy/D  y 


An  Interesting  observation  can  now  be  aade 
regarding  the  Phase  1  deforaaclon  tone.  The  auahrooa 
region  undergoes  considerable  daforaatlon  after  the 
coapletlon  of  Phase  1  (see  Figure  11).  However.  In 
spite  of  this .  the  voluae  contained  In  the  uushrooo  of 
the  recovered  speclaen  la  approxlaately  the  sane  as  the 
volune  of  the  Phase  I  deforaatlon  tone  at  the 
coapletlon  of  Phase  I.  Conflmatlon  of  this  fact  has 
been  found  through  a  coaparlson  of  the  volune  estinated 
by  (31)  and  the  voluae  estimated  froa  the  high  speed 
film  data  at  the  time  when  Phase  I  has  just  been 
completed.  The  two  agree  to  within  10» . 


Figure  11:  An  exaggerated  view  of  the  mushroom 

geometry  (a)  at  the  end  of  Phase  I 
deforaatlon.  and  (b)  the  end  of  the 
event.  The  mushroom  suffers 

considerable  axial  compression  during 
Phase  11  deforaatlon. 


Using  the  observation  In  the  previous  paragraph, 
ue  can  say  that  volume  contained  In  the  undeforaed 

section  at  t  -  t  la  Za^.  Since  the  voluae  contained  in 
the  muahrooa  la  V,  It  follows  that 


I  -  L  (1  -  r^)  (32) 

where  IAq  la  the  woluae  of  the  undeforaed  speclaen. 

This  aatlaata  for  the  undaforaad  aectlon  length  at  the 
and  of  Phase  1  la  quite  mound. 

tESULTS 

The  two'phase  theory  presented  In  the  previous 
sections  provldaa  for  m  usaful  Intarpratatlon  of  the 
Taylor  Impact  test.  In  this  sactlon,  we  show  how  the 
poat'tast  aeasureaents  can  be  used  In  the  theory  to 
predict  dynaalc  yield  atrasses  and  plastic  wave  speeds . 
We  will  deal  with  each  phase  separately,  beginning 
with  Phase  II. 

Certain  key  warlablaa  may  be  aasuaed  to  be 
continuous  at  tha  Intsrfaea  bstwean  tha  phases  and  tha 
waluaa  of  thaas  warlablaa  sra  sssumad  to  be  known,  t, 

h,  a,  and  w  are  all  assused  to  be  continuous  at  t  •  c. 
Prom  the  poat'tast  ■easuramants ,  we  can  produce  a  wary 

reliable  eatlmate  for  Z  by  aquation  (32).  We  know  that 
a  •  v^t  and  R  •  L  -  Z  -  a.  Hence,  when  t  la  known,  all 
of  the  appropriate  lengths  and  dlsplaceaents  are  known. 

He  have  reason  to  believe  that  t  Is  roughly  constant 
for  lapacts  involving  the  saae  material  against  the 

same  anvil.  Specifically,  t  la  a  function  of  the 
speclaen  diameter  and  the  specimen  material,  provided 
that  the  Impact  velocities  are  sufficiently  high.  A 
heuristic  arguaent  can  be  presented  which  justifies 
this  conclusion.  When  the  Impact  pressures  are  high 
enough  to  cause  the  radial  relief  waves  to  propagate  at 
the  aaae  speed,  the  tlae  for  communication  with  the 

free  boundary  la  constant.  The  Interface  time,  t,  Is  a 
function  of  the  tlae  for  the  radial  stress  waves  to 
return  froa  the  free  surface,  reflect  from  the 
speciaen/anvil  Interface,  and  to  Interact  with  the 
longitudinal  plastic  wave  front.  High  pressure 
equation  of  state  data  such  as  that  presented  by  Ualsh, 
Rice,  McQueen,  and  Yarger  (11)  and  Harsh  (12)  support 
this  conclusion.  The  adiabatic  compressibility 


Is  nearly  constant  for  a  number  of  Important  materials. 
Thus,  the  rate  of  propagation  of  a  radial  stress  wave 


la  nearly  constant  for  pressures  that 


are 


sufficiently  high  (say,  2-5  CPa).  When  the  speclaen 
and  anvil  materials  are  dissimilar,  radially  reflected 
stress  waves  will  reflect  froa  the  apeclaen/anvil 
interface,  combine,  and  propagate  longitudinally  to 
produce  an  Interaction  with  the  plastic  wave  front  that 
separates  the  two  phases.  For  thirty  caliber  rods,  the 
time  for  this  Interaction  will  be  roughly  constant  for 


a  given  material . 

Accepting  the  argument  Just  'put  forward  for  the 


Interface  time  t,  we  can  now  astlmate  all  of  the 
lengths  at  the  and  of  Fhasa  I,  Then,  we  can  use  the 
eleaentary  two-phase  cheery  to  astlaate  the  stresses 
and  plastic  wave  speeds  for  Che  material  during  both 
phases  of  the  deformation. 
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Scfor*  Cuming  to  th«  calculation* ,  w*  daacrlb* 
Ch*  rasulc*  of  chra*  axperlaanca  on  OFHC  copper.  The 
data  frea  Chaa*  axperlaenc*  will  be  procaaaad  ualng  the 
foregoing  theory.  K  coaplece  daacrlptlon  of  Cha 
axparlaental  apparacua  and  ^ca  acqulalclon  Cachnlque* 
la  contained  In  Wilton,  Houae,  and  Nixon  [10] .  Figure 
12  ahowa  the  result*  of  the  chra*  ceata  and  1* 
publiahad  here  with*  the  peralstlon  of  the  author*.  All 
of  cha  apeclaena  were  ahoC  froa  a  30  caliber  gun  and 
had  an  undeforaed  dlaaeter  of  7.(0  aa.  In  two  cate* 
(UK14S  and  JC30),  the  apeclaen  aspect  ratio  was  7.3;1. 
In  the  ocher  cate  (JC32),  tha  apeclaen  aapacc  ratio  wa* 
3:1.  The  data  In  Figure  12  hat  been  reduced  froa  high 
speed  caaera  pictures  taken  during  ch*  axperlaanca. 

The  Cordln  Caaera  waa  operated  at  a  rata  of  10^  fraae* 
par  second  during  JC30  and  JC32.  Tha  caaera  waa 

operated  at  a  rat*  of  3  x  10^  fraaas  par  second  during 
1IK14S.  Notice  Chat  ch*  trend  in  ch*  data  prae Italy 
reflects  tha  cvo-phas*  flow  hypothesis.  Notice,  also, 
that  the  tla*  for  transition  between  the  phaaas  la 
approxlaately  the  saae  for  all  three  apeclaen*.  In  Che 

analysis  that  follows,  this  else  1*  taken  to  be 
t  -  9  x  lO”*  tec. 


X 


q-i(lk)  q*x(l-k)  ♦  2k(l-k)  Vjj 
q+i(l-k)  q-X(l-k)  -  2k(l-k) 


1 


(34) 


and 


where  t  la  taken  froa  (26)  and  /(v)  la  defined  In  (25) . 
These  two  aquations  and  (30)  coaprlss  the  ayttea  for 
the  analysis  of  Phase  II  defomatlon.  The  unknowns  are 

X,  and  k.  As  aancloned  earlier,  t  >  9  x  10  ^  sec. 

The  input  data  froa  Che  post -test  aeasureaentt  Is 
given  In  Table  1. 


USLS  1 


The  results  of  the  Phase  II  analysis  using  (34), 
(35),  and  (30)  are  given  In  Table  2.  Comparing  the 
secondary  wave  speed,  these  results  are  In  excellent 
agreeaenc  with  the  experlaent. 


USLS  2 


Figure  12. 


Plastic  wave  action  and  radial  growth 
curve*  for  three  Impact  experlaent*  on 
OFHC  coppsr.  The  lapact  speed*  are 
roughly  the  aaa* .  Secondary  plastic 
flow  proceed*  with  constant  wav*  speed, 
X.  The  detail*  of  these  experlaent*  at* 
contained  In  (10) . 


First,  we  will  present  ch*  results  of  the 
calculation*  for  Phase  II  for  tha  three  OFHC  copper 
test*.  The  Phase  II  theory  la  developed  by  extending 
aquations  (26)  and  (28)  to  the  Interface  between  Che 
phaaas.  When  this  la  done,  they  bacoae 
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A  laatt  aquarat  fit  to  tha  raducad  film  data  In 
Flfuta  12  for  UK1<>S  and  JClO  (Ivat  an  aapariaantally 
obsarvad  valua  of  173  m/t  for  X.  Notlca  Chat  the 
calculated  valuat  for  the  aacondary  wave  apaad  for 
theta  Cvo  tattt  differ  froa  this  exparlaantal  value  by 
lait  than  7t.  Tha  avaraga  dynaalc  yield  atrettat  are 
calculated  to  ba  330  HPa  and  305  MPa,  reapactlvaly . 
Thaaa  aatlaatea  arc  entirely  raatonablc.  The  atatlc 
yield  atraat  for  this  aaterlal  la  roughly  225  MPa  by  a 
0.2t  effaat  on  tanalon  teat  data. 

Tha  difference  In  the  predicted  Phase  II  atretaea 
for  UK145  and  JC30  can  be  attributed  to  the  difference 
in  average  atraln  rate  during  Phase  II  deforaatlon. 
The  taralnal  tlae  for  JC30  la  pradlctad  to  be  about  14 
at  longer  than  UK145.  Hence,  the  average  atraln  race 
■utt  ba  lower  and  the  dynaalc  yield  atresa  la 
correspondingly  lower. 

The  ratulta  for  JC32  are  alto  quite  acceptable. 
The  dynaalc  yield  atraat  aatlaata  la  408  MPa,  which 
rapraaenca  an  Increase  of  <18  over  atatlc  yield.  This 
la  a  reasonable  conclusion  for  a  5:1  apeclacn.  The 
terminal  time  la  tnich  shorter  (71.3  i«a  pradlctad)  and 
this  means  that  tha  average  strain  rate  during 
secondary  deformation  la  much  higher.  Hence,  the 
higher  predicted  value  for  .  The  secondary  plastic 

wave  speed  la  predicted  to  be  1  •  196  a/s .  This  Is 
also  entirely  reasonable. 

The  Phase  1  analysis  consists  of  detemi  ing  the 
exponent  n  from  the  equation  for  the  Initial  particle 
velocity 

u(0)  -  Up  -  Vp  (1  -  n)  (36) 

When  the  Initial  particle  velocity  Is  known,  n  can  be 
found  from  (36)  . 

Having  found  n,  h^,  can  be  determined  from  the. 
klnematlcal  relation 


h-hpt’"  -  L-  I-  a-  L-  I-Vgt  (37) 

Since  1  and  t  are  known.  It  follows  that  h^  can  be 

found  from  (37)  This  means  that  the  wave  front  motion 
Is  completely  determined 

Estimates  for  the  Initial  particle  velocity  have 
been  given  by  several  investigators  (eg  Walsh.  Rice, 
HcQueen.  and  Yarger  |11])  Based  on  their 
considerations,  we  may  roughly  assume  that  Up  -  Vp/2 

for  a  copper  rod  Impacting  a  steel  anvil.  Using  (36), 
this  leads  to  n  -  1/2.  Using  this  value  of  n  In  (37), 
we  can  determine  hp 

Having  determined  h  -  h(t)  during  Phase  I,  we  can 
compute  the  stress  from  (11),  the  particle  veloc'  y  u 
from  (19),  and  the  engineering  strain  In  the  mushroom, 
c,  from  (20).  The  strain-rate  during  mushroom 
formation  can  be  found  by  differentiating  c  In  (20). 
The  results  of  some  of  these  calculations  are  given  in 
Figures  13,  14,  15,  and  16. 

Figure  13  shows  the  comparison  of  the  predicted 
wave  front  position  with  the  experimental  observations 
from  reduced  film  data  during  the  early  stage  of 
deformation.  The  comparison  la  very  favorable. 


Figure  13.  A  comparison  of  Che  theoretical 
prediction  for  plastic  wave  front 
position  ms  •  function  of  time  (solid 
curve)  with  the  experimentally  observed 
position  A.  The  experimental  data  la 
from  JC30  and  the  theoretical  prediction 
la  for  n  -  0.5. 


In  Figure  14,  the  stress-time  curve  la  given. 
This  calculation  has  been  made  by  means  of  equation 
(10)  with  n  -  0.5.  The  result  here  Is  quite 

reasonable.  Note  that  e  must  be  Initially  unbounded 
because  n  <  1.  But,  o  quickly  reaches  a  value  of  about 
400  HPa  »t  B  fis .  These  conclusions  are  for  JC30. 


Figure  14  The  stress-time  curve  during  Phase  I 

deformation.  This  result  Is  from 
aquation  (11)  with  n  -  0.5.  The 

post-teat  data  Is  from  JG30.  Although 
this  stress  is  compressive.  It  has  been 
displayed  on  a  positive  ordinate  for 
convenience . 


At  Indicated  earlier,  the  strain-rate  during  Phase 
I  deformation  can  alto  be  calculated  from  (20).  This 

result  la  presented  In  Figure  15.  For  convenience,  e 
hat  been  plotted  as  a  positive  ordinate,  although  it  la 
negative . 
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Fl{ur*  15.  Th«  itr^In-rat*  v».  tlx  eurv*  during 
Phts*  1  dtlorskClon.  Th*  tcrain-rat* 
shown  hers  It  tha  ratulc  of 
dlffartntiating  aquation  (20)  and  using 
tha  data  fro«  JC30  with  n  -  0.5. 

Tha  rasultt  froa  Flguraa  14  and  15  can  ba  eoablnad 
to  glvan  an  Intarattlng  raault.  Slnca  cha  strata  and 
strain- rata  during  Phaaa  I  daforaatlen  ara  Vcnown  aa 
axpllclt  functions  of  tlaa,  tlaa  can  ba  algabralcal) v 
allainatcd  to  produce  a  atresi/ttraln-rata  dlagraa. 
Note  the  fora  of  this  graph  In  Figure  16. 


Figure  16.  SCress/straln- race  dlagraa  as  predicted 

by  the  Phase  I  theory  for  JC30  and  n  - 
0.5.  The  relationship  It  nearly  llnaar. 


The  stress/straln-rata  dlagraa  sh'-'vn  above  Is 
carried  out  beyond  Che  point  where  It  la  meaningful  for 
copper.  However.  It  Is  Interesting  to  note  chat  tha 
curve  In  nearly  llnaar,  avan  while  Cha  strain  It 
varying  throughout  Phase  I.  This  Interesting 
conclusion  has  been  reported  In  aeveral  places  for 
constant  strain  (eg.,  sea  Follenbaa  and  Kocka  113)). 

Ua  close  Chit  section  with  ona  final  coapariaon 
with  tha  axperlaent.  In  Figure  17  a  coapariaon  between 
tha  dlaacter  growth  curve  for  cha  aushrooa  and  cha 
Chaoraclcal  prediction  la  given. 


Figure  17.  Comparison  batwaan  axperlxntally 

observed  mushrooa  dlaaatar  and  Phase  I 
modal  prediction  (lower  solid  curve). 
Tha  Improved  ssclmaca  using  tha  frustrum 
of  a  cone  approximation  Is  tha  upper 
solid  cucva. 

The  growth  of  the  mushrooa  predicted  by  the  theory  Is 
low  whan  compared  to  tha  reduced  flla  data  froa  JC30. 
However,  as  pointed  out  In  the  section  on  Phase  I 
deformation,  and  described  In  Figure  7,  chit  Is  Co  be 
expected.  An  Improvement  can  be  achieved  by  replacing 
the  cylindrical  mushrooa  section  by  the  fruscrua  of  a 
cone  with  the  seas  volume.  This,  evidently,  reduces 
the  disparity  between  theory  and  axperlaent.  But,  at 
pointed  out  earlier,  even  with  this  laprovement,  the 
results  cannot  ba  expected  to  agree  precisely  with  the 
experiment . 

CONCLUSION 

The  theory  presented  In  the  preceding  sections  and 
the  supporting  axperlaental  evidence  have  provided  some 
new  Insight  and  improved  predictive  capability  for  the 
Taylor  test.  The  important  thing  to  reaeaber  is  that 
all  of  this  was  accoapllshed  without  sacrificing  much 
of  the  utheaatlcal  siaplicicy  of  the  original  Taylor 
theory  [1]  or  the  recent  theories  proposed  by  us 
(3,6,7). 

The  new  two-phase  theory  can  be  used  to  explain 
the  deficiencies  of  Cha  aleaentary  theories.  For 
example,  consider  the  perfect  plasticity  theory 
proposed  by  us  (3J.  For  the  three  OFHC  copper  tests 
discussed  in  Che  previous  section,  the  elementary, 
perfect  plasticity  theory  prasanted  In  [3J  gives  tha 
results  In  Table  3. 
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Theca  actlBctas  ara  aoaawhat  high  for  both  the  dynaalc 
yield  ctrecs  Y  end  the  plectlc  wave  epaed  X.  We  can 
now  aea  why  the  wave  apaed  la  high  for  the  alaaentary 
■odel.  For  axaaple,  the  taralnal  tlae  for  JC30  la 

ty,  •  131.1  M  ttom  the  two  phaae  vodel  and  t^  •  126.6 

^a  fre«  the  alaaentary  aodcl.  Yet,  through  poat-teat 
Beaauraaentc  both  h-t  curvet  are  required  to  pact 
through  h^  when  t  •  ty.  The  reault  of  forcing  the 

alaaentary  aatheaatlcel  aodcl  to  cenfora  to  thlc 
aeaauraaant  la  to  overeatlaate  the  plectlc  wave  apeed 
for  the  aaterial  In  quectlon.  Thla  altuatlon  la 
daacrlbed  In  Figure  18.  Notice  that  by  forcing  the 
plactlc  wave  apeed  to  be  conatant  throughout  the  entire 
ovant,  we  auat  overeatlaate  It. 


Figure  18  A  coicparlcon  becweer.  the  plastic  wave 

front  notion  for  the  two  phase  aodel 
(upper  curve)  and  the  elenentary  tingle 
phase  aodel  (straight  line)  (J).  The 
elope  o(  the  tingle  straight  line 
through  the  origin  exceeds  the  elope  of 
the  secondary  straight  line. 

The  Increase  in  plastic  wave  apeed  produces  a 
corresponding  increase  in  the  estinate  of  dynacic  yield 
stress.  This,  coupled  with  the  fact  that  radial 
Inertia  effects  have  been  neglected,  produces  inflated 
values  for  the  dynanlc  yield  stresses. 

Future  work  will  deal  with  corrections  for  radial 
inertia  during  Phase  I  defomatlon  Such  corrections 
are  only  necessary  end  aeaningful  during  aushroom 
fomatlon  where  the  strain-rates  are  very  high  During 
Phase  II  deforoation,  the  average  strain-rates  are 
substantially  lower  and  coapcnsatlon  for  redial 
Inertia  is  not  required. 
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